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Abstract

We have theoretically investigated the effect of a coating made of the elastically dissimilar
material on the acoustic phonon properties of semiconductor nanowires. It is shown that the
acoustic impedance mismatch at the interface between the nanowire and the barrier coating
affects dramatically the phonon spectra and group velocities in the nanowires. Coatings made of
materials with a small sound velocity lead to compression of the phonon energy spectrum and
strong reduction of the phonon group velocities. The coatings made of materials with a high
sound velocity have opposite effect. Our calculations reveal substantial re-distribution of the elastic
deformations in coated nanowires, which results in modification of the phonon transport properties,
and corresponding changes in thermal and electrical conduction. We argue that tuning of the coated
nanowire material parameters and the barrier layer thickness can be used for engineering the transport
properties in such nanostructures.
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1. Introduction

Acoustic phonon spectrum modification in semiconductor superlattices and nanostruc-
tures continues to attract significant attention [1–7]. Folded acoustic phonons observed in
superlattices [8] are described very well by the classical Rytov [9] model based on the
elastic continuum approximation. The interest in the confinement-induced changes of the
acoustic phonon dispersion in thin films and nanowires rose after it was suggested that they
may lead to a reduction of the lattice thermal conductivity [10–12]. The modification of
the acoustic phonon spectrum is particularly strong when the semiconductor structure size
W becomes much smaller than the phonon mean free pathΛ, i.e.,W � Λ, and approaches
the scale of the dominant phonon wavelengthλd . For bulk Si,Λ is about 50–200 nm, while
for many crystalline materialsλd is on the order of 1.2–2 nm at room temperature, which
approximately equals to the transistor gate dielectric thickness [13].

We have previously shown that the barrier layer made of elastically dissimilar
material can strongly affect the acoustic phonon spectrum in planar three-layered
heterostructures [14,15]. In that case, the total thickness of the heterostructureWtot, which
includes the core layer and two barriers, has to be much smaller than the phonon mean free
path,Wtot � Λ, in order to modify the phonon spectrum. Pokatilov et al. [16] proposed that
the redistribution of elastic vibration in planar heterostructure with acoustically soft barrier
layers could lead to the phonon depletion in the acoustically hard core layer. We consider
the material to be acoustically harder if it has larger acoustic impedanceZ = ρVS (VS is
the sound velocity andρ is the mass density of the material). In this paper, we demonstrate
that the phonon spectrum modification is much more pronounced in coated cylindrical
nanowires than in planar heterostructures. Moreover, the acoustic phonon spectrum can
be effectively tuned, i.e. engineered, by proper selection of the acoustically mismatched
coating (barrier) layer parameters.

The remainder of the paper is organized as follows.Section 2contains the derivation of
the equation of motion for the elastic vibrations in the inhomogeneous cylindrical nanowire
and the explanation of the calculation procedure. As an example material system we
consider wurtzite GaN nanowires. High quality coated GaN nanowires have recently been
fabricated and characterized [17]. Results of the calculation of phonon energy dispersion,
phonon group velocity and the real-space distribution of the elastic energy are presented in
Section 3. Our conclusions are given inSection 4.

2. Calculation procedure

As the material system of choice for our calculations we have selected wurtzite GaN due
to its technological importance. High-quality coated GaN nanowires with radius as small as
5 nm and length up to several hundred micrometers have already been demonstrated [17].
Our theoretical model explicitly includes the specifics of the GaN hexagonal crystal lattice.
In order to demonstrate the effect of the barrier shell coating on the phonon spectrum,
we will consider GaN nanowire with the “acoustically fast” AlN and “acoustically slow”
plastic barrier shell. Plastic coating is chosen for simplicity and to better elucidate the
effect of phonon depletion. Our model calculations can certainly be extended to any other
technologically more suitable material.
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Fig. 1. Phonon energy as a function of the phonon wave vectorq for the breathing modes (m = 0). The results
are shown for (a) GaN nanowire with the “acoustically soft” barrier layer (R1(GaN) = 6 nm andR = 10 nm);
and (b) GaN nanowire without the barrier layer (R = 6 nm). The insets show the geometry of the nanostructures.

A schematic view of the considered structure is presented in the insets toFig. 1. It is
assumed that the axisc in wurtzite crystal is directed along the nanowire axis. To fully use
the advantage of the cylindrical symmetry of structure, we use the cylindrical coordinate
system with the radius vector�r and angleϕ in the cross-sectional plane, and axisZ along
the nanowire axis. The radius of the nanowire core is designated asR1 while the total radius
of the hetero-nanowire (nanowire with the barrier layer) is designated asR. The thickness
of the barrier shell (coating layer) is�R = R − R1. Both radii are assumed to be in
the nanometer scale range to ensure the phonon confinement. The length of the nanowire
is considered to be infinite. The phonon energy spectrum of the freestanding nanowire
without coating is also calculated for comparison with the spectra of coated nanowires.
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The equation of motion for elastic vibrations in an anisotropic medium can be written
as [18]

ρ
∂2Um

∂2t
= ∂σmi

∂xi
, (1)

where �U = (U1, U2, U3) is the displacement vector,ρ is the mass density of the material,
σmi is the elastic stress tensor defined asσmi = cmikj Ukj , andUkj = (1/2)((∂Uk/∂xi) +
(∂Ui/∂xk)) is the strain tensor. In the nanowire without the barrier shell, the elastic
constants areciklm = const . In the cylindrical coordinate system, the displacement vector
�U has the following components:Ur (r, ϕ, z), Uϕ(r, ϕ, z), Uz(r, ϕ, z). Since the considered
structure is homogeneous in theZ direction, we search for the solution of Eq. (1) in the
following form

Ur (r, ϕ, z) = A(q)ur(r) cosmϕei(ωt−qz)

Uϕ(r, ϕ, z) = A(q)uϕ(r) sinmϕei(ωt−qz)

Uz(r, ϕ, z) = A(q)uz(r) cosmϕei(ωt−qz),

(2)

wherem = 0,±1,±2,±3, . . .. In Eq. (2), ω is the phonon frequency,q is the phonon wave
vector, andA(q) is the amplitude of a normal phonon mode andi is the imaginary unit.
Performing the differentiation in Eq. (1) one needs to take into account that both the elastic
modulicmikj (r) and the mass density of the materialρ(r) are piece-wise functions ofr . For
numerical simulation, the piece-wise functions are replaced with the smooth functions in
such a way that their shape did not influence the results. We adopted the standard system of
the two-index notations from Ref. [14]. In wurtzite crystals of hexagonal symmetry (space
groupC4

6v), there are five different elastic moduli:c11, c33, c12, c13 andc44, which are
related to each other through the following equalitiesc11 = c1111 = c2222, c33 = c3333,
c12 = c1122= c2211, c13 = c1133= c3311= c2233= c3322, c44 = c1313 = c3131, c55 = c44,
c66 = c1212= c2121= c11−c22

2 .
Substituting Eq. (2) in Eq. (1), one can obtain the system of three equations for the three

components of the displacement vector as
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(c33q2 − ρω2)uz = c44
d2uz

dr2
+
(

c44

r
+ dc44

dr

)
duz

dr
− c44m2

r2
uz

− q

(
c13 + c44

r
+ dc44
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)
ur − q(c13 + c44)
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r
uϕ.

In the case of the free-surface boundary conditions (FBC) on the outer surface of the
nanowire, all components of the stress tensor are zero (σrr = 0, σrϕ = 0 andσrz = 0) for
r = R, which leads to the following equations

(c11 − c12)
dur

dr
+ c12

(
dur

dr
+ 1

r
ur + m

r
uϕ

)
+ qc13uz = 0,

duϕ

dr
− m

r
ur − uϕ

r
= 0,

duz

dr
− qur = 0.

(4)

In the case of the clamped-surface boundary conditions (CBC) on the outer surface of
the nanowire, all components of the displacement vector are zero (ur = 0, uϕ = 0, uz = 0)
for r = R.

The system of Eq. (3) has a solution for any integer value ofm. At m = 0, the system
of three equations splits into subsystems of two equations for componentsur anduz of
the vector�u = (ur , uz), and a separate equation for theuϕ(r) function. The solutions
of the system of two equations constitute the longitudinal-type “breathing” modes, which
correspond to periodic dilatations and compressions of the cross-section of the nanowire.
At q = 0, the oscillations along the radius and the axis become independent and have
different frequencies. The solution of Eq. (3) for uϕ describes the torsional oscillations
around the nanowire axis. In these oscillations, the magnitude of the displacement vector
is proportional to the radius and achieves its maximum on the nanowire surface. Form �= 0,
one needs to solve the system of the equations for all three components of the displacement
vector. The solutions at|m| = 1 are called the bending vibrations, while the solutions at
|m| > 1 are called the circular vibrations of|m| order.

3. Results and discussion

The numerical calculations have been performed for the reference uncoated GaN
nanowire with a radiusR = 6 nm and the coated GaN nanowire with the core radius
R1 = 6 nm. As a coating we considered different barrier shells such as “acoustical soft and
slow” plastic with the thicknesses�R = 4 nm and�R = 2 nm, and “acoustically fast”
AlN with the thickness�R = 4 nm. The material parameters for GaN and AlN required
for our calculations have been taken from Ref. [19]. The chemical structure of the plastic
material used as an example of the “acoustically slow” material is not essential for our
elastic continuum analysis. We assume that the longitudinal sound velocity in bulk plastic
is VL = 2000 m/s, transverse sound velocity isVT = 1000 m/s and the mass density is
1 g/cm3 [14].

In Fig. 1(a) we present the breathing modes for GaN nanowire with the core radiusR1 =
6 nm embedded into the acoustically soft plastic shell with the thickness�R = 4 nm. The
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total radius of the coated nanowire isR = 10 nm. The numberS of the dispersion branches
presented inFig. 1(a) has been estimated from the relationshipS = R/2a (wherea is the
lattice constant). Assuminga = 0.31 nm, which is equal to the lattice constant of GaN in
the plane perpendicular to the axisc, one getsS ≈ 16. Each of the dispersion curves in the
coated nanowire has narrow regions with distinctively different slopes. The steep segments
of the dispersion curves reflect the properties of the “acoustically fast” material (GaN in
this case). These segments can be approximated by a straight line, which is indicated in
Fig. 1(a) by the symbolL. The slope of the straight lineL is close to the sound velocity of
the bulk transverse acoustic (TA) phonons in GaN. The slope of the straight lineL ′ is close
to the sound velocity of the bulk longitudinal acoustic (LA) phonons in the plastic material.
It is interesting to note that the extent of the regions with the small slopes (in momentum
space) is approximately one order of magnitude larger than the extent of the regions with
the steep slopes although the cross-section area of “acoustically slow” material is only a
factor of two larger than the cross-section area of the “acoustically fast” material. Another
effect produced by the acoustically mismatched barrier layer is the compression of the
confined phonon branches (increased number of branches per energy interval). The latter
can be seen from the comparison of the spectrum inFig. 1(a) with that of the nanowire
without coating shown inFig. 1(b). The breathing modes in uncoated GaN nanowire are
calculated for the radiusR = 6 nm, which is equal to the radius of the coated nanowire core
in Fig. 1(a). In Fig. 1(a), there are 16 dispersion branches confined in the energy interval
of 3.1 meV, while inFig. 1(b) there are 10 branches in the wider energy interval of 9 meV.

Similar features can be seen in the spectra of torsional oscillations withm = 0.Fig. 2(a)
shows torsional phonon modes in the nanowire with the core radiusR1 = 6 nm and
the barrier shell thickness�R = 2 nm. For comparison,Fig. 2(b) presents the torsional
phonon modes for the uncoated GaN nanowire with the radiusR = 6 nm. The dispersion
of the torsional phonon modes in cylindrical nanowires resembles that of the shear phonon
modes in thin films [14]. The torsional vibrations in the coated nanowire (which are also
transverse) are hybridized. Their structure reflects the different acoustic properties of the
nanowire core and the barrier shell.Fig. 3(a) shows the torsional phonon modes of the
higher order (m = ±2) in the nanowire with the core radiusR1 = 6 nm and barrier shell
thickness�R = 2 nm. For comparison inFig. 3(b), the same modes are presented for the
nanowire without the barrier shell (coating). The amplitude of the oscillations for torsional
modes periodically changes along the circumference while the directions of the vectors
u⊥ = (ur , uϕ) are anti-parallel at the opposite ends of the nanowire diameter.Fig. 4(a)
and (b) presents the dispersion curves for the bending oscillations (m = ±1 andm = ±3).
The vectorsu⊥ = (ur , uϕ) of these vibrations are parallel at the opposite ends of diameter.
One can see that in all cases, the acoustically mismatched nanowire coating (barrier shell)
introduces significant modification to the phonon spectrum. Moreover, different types of
the phonon modes are sensitive to both the coating material and its thickness. The latter
opens up a possibility of the phonon transport tuning in the acoustically mismatched
nanowires by a proper selection of the barrier parameters.

The phonon group velocity dependence on frequency for different type of modes in the
coated and uncoated nanowires is presented inFig. 5(a)–(c). The phonon group velocities
for the coated nanowires are shown within the range of energies where the predictions
of the continuum approximation are unambiguous. For the convenience of comparison of
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Fig. 2. The same as inFig. 1but for the torsional phonon modes withm = 0.

the phonon group velocity magnitudes, the average values of the velocities are shown in all
figures by the straight horizontal lines. It follows fromFig. 5(a)–(c) that the average phonon
group velocity for the breathing and bending waves in the GaN nanowire (R1 = 6 nm) with
the “acoustically slow” plastic coating (�R = 4 nm) is three to four times smaller than that
in the uncoated nanowire of the same radius in the examined energy range. One can see
from Fig. 5(c) that the difference in velocities decreases with the reduction in the plastic
shell thickness.

In Ref. [16] we defined the phonon depletion coefficientξ and used this parameter
to illustrate the redistribution of the lattice vibrations in the acoustically mismatched
planar heterostructures. The magnitude of this coefficient characterizes the redistribution
of the elastic energy between the “acoustically slow” and “acoustically fast” layers of
a heterostructure. For a cylindrical nanowire, the phonon depletion coefficient, which is
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Fig. 3. The same as inFig. 1but for the torsional phonon modes with|m| = 2.

the ratio of the elastic energy inside the nanowire core to the elastic energy in the whole
nanowire (both energies are taken per unit volume), is expressed by the formula

ξ(α)
s (q) = Es,1(q)

V1

V

Es(q)
= R2

R2
1

ρ1
∫ R1

0 |�uα(r)|2rdr∫ R
0 ρ(r)|�uα(r)|2rdr

, (5)

whereV1 = π R2
1Lz , V = π R2Lz , Es,1(q) is the elastic energy in the nanowire core,

Es(q) is the elastic energy in the whole nanowire, and indexs = 0, 1, 2, . . . is the quantum
number of a normal phonon mode.

In Fig. 6(a) and (b) we present the logarithm of the phonon depletion coefficients
taken with the negative sign,ζs(q) = − logξs(q), as a function of the phonon wave
vector q for the breathing and torsional modes (m = 0) in the coated nanowires with
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Fig. 4. Phonon energy as a function of the phonon wave vectorq for torsional phonon modes (bending vibrations
and circular vibrations of|m| = 3 order). The results are shown for (a) GaN nanowire with the “acoustically soft”
barrier layer (R1(GaN) = 6 nm andR = 10 nm); and (b) GaN nanowire without the barrier layer (R = 6 nm).
Solid lines correspond to the even levels of the bending vibrations while the dashed lines correspond to the odd
levels of circular vibrations of the|m| = 3 order.

R1 = 6 nm and�R = 4 nm. For the breathing modes the curves are qualitatively
similar to those obtained in Ref. [16] for the planar heterostructures. At some value of the
phonon wave vectorq, the functionsζs reach a minimum, which is shifting in the direction
of the largerq with an increase in the mode number. However, there is a considerable
quantitative difference between the planar heterostructure and the nanowire cases. The
values ofζs(q) ∼ 4.0 are reached in a cylindrical nanowire, which exceeds significantly
the valuesζs(q) ∼ 1.5–2.0 in the planar three-layered heterostructure of corresponding
dimensions [16]. For the large values of the phonon wave vectorq ∼ 2 nm−1, the phonon
depletion coefficient in the considered nanowire achieves the value ofζs(q) ∼ 5. This
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Fig. 5. Averaged phonon group velocity as a function of the phonon frequency for (a) breathing modes in the
GaN nanowire with the “acoustically soft” barrier layer (R1(GaN) = 6 nm, R = 10 nm) and the uncoated GaN
nanowire (R = 6 nm); (b) torsional modes (m = 0 and|m| = 2) in the GaN nanowire with the “acoustically soft”
barrier layer (R1(GaN) = 6 nm, R = 8 nm) and the uncoated GaN nanowire (R = 6 nm); (c) torsional bending
modes (m = 1 and|m| = 3) in the GaN nanowire with the “acoustically soft” barrier layer (R1(GaN) = 6 nm,
R = 10 nm) and the uncoated GaN nanowire (R = 6 nm).
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Fig. 6. Coefficientζs(q) = − logξ
(α)
s (q) as a function of the phonon wave vectorq for (a) the breathing modes

(m = 0) in the GaN nanowire with the “acoustically soft” barrier layer (R1(GaN) = 6 nm, R = 10 nm); (b)
torsional modes (m = 0) in the GaN nanowire with the “acoustically soft” barrier layer (R1(GaN) = 6 nm,
R = 8 nm).

means that the density of the vibration energy in the “acoustically slow” nanowire shell
becomes five orders of magnitude larger than that in the “acoustically fast” GaN nanowire
core. The bending vibrations (|m| = 1) and the circular vibrations (|m| = 2, 3) also
demonstrate the giant value of the depletion coefficient (seeFig. 6(a) and (b) andFig. 7(a)
and (b)). The specific feature of the last example is thatζs remains very large at all values
of the phonon wave vectorq except for the narrow region aroundq ∼ 0.5 nm−1 (for
the modes withs = 0, . . . , 5). Even in the nanowires with the relatively thin coating
radius of�R = 2 nm (seeFig. 7(b)), the phonon depletion coefficient remains very large,
and exceeds corresponding coefficient values of planar heterostructures with the thick
“acoustically slow” barriers [16].
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Fig. 7. Coefficientζs(q) = − logξ
(α)
s (q) as a function of the phonon wave vectorq for (a) the torsional

bending modes (m = 1) in the GaN nanowire with the “acoustically soft” barrier layer (R1(GaN) = 6 nm,
R = 10 nm); (b) torsional circular modes (|m| = 2) in the GaN nanowire with the “acoustically soft” barrier
layer (R1(GaN) = 6 nm, R = 8 nm); (c) torsional circular modes (|m| = 3) in the GaN nanowire with the
“acoustically soft” barrier layer (R1(GaN) = 6 nm, R = 10 nm).
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Fig. 8. Distribution of the displacement vector magnitudeus=2 =
√

u2
r + u3

ϕ + u2
z for breathing phonon mode

with s = 2 in (a) the GaN nanowire with the “acoustically soft” barrier layer (R1(GaN) = 6 nm, R = 10 nm);
and (b) the GaN nanowire without the barrier layer (R = 6 nm).

To elucidate the physics of the phonon depletion in the acoustically mismatched
nanostructures, we plot the re-distribution of the lattice displacements in coated
nanowires (seeFig. 8(a) and (b), Fig. 9(a) and (b) andFig. 10(a) and (b)). These
figures show the surfaces formed by the displacement vector amplitudeu(r, q) =√

u2
r (r, q) + u2

ϕ(r, q) + u2
z (r, q) as the function of the real space coordinater and the

phonon wave vectorq. As a reference, the distributions of the lattice displacements in the
uncoated nanowires are also given. One can see from these figures a dramatic effect of the
“acoustically slow and soft” barrier layers: the lattice vibrations, which are present in the
uncoated nanowires, are almost completely pushed out of the “acoustically hard” nanowire
core to the “acoustically soft” barrier. This re-distribution of the lattice displacements
(vibration energy) explains the phonon depletion effect in the nanostructures with the
acoustically mismatched barrier layers (coatings).

In order to evaluate the influence of the anisotropy of the wurtzite crystal lattice on
the described processes we plot the phonon group velocity in GaN nanowire (core radius
R1 = 6 nm) with AlN barrier shell (the barrier thickness�R = 4 nm) for the breathing
modes withs = 0 and s = 15. For comparison, the phonon group velocity for the
same modes calculated from the isotropic continuum approximation is also shown (see
Fig. 11). One should note here that the anisotropy of the elastic moduli for given materials
is relatively weak. For instance, in GaNc11 = 390 whilec33 = 398 so that the anisotropy
is around∼2%. However, as follows fromFig. 11, the difference in the phonon group
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Fig. 9. Distribution of the displacement vector magnitudeus=3 =
√

u2
r + u3

ϕ + u2
z for the torsional circular

phonon mode of them = 3 order withs = 3 in (a) the GaN nanowire with the “acoustically soft” barrier layer
(R1(GaN) = 6 nm, R = 10 nm); and (b) the GaN nanowire without the barrier layer (R = 6 nm).

velocities for the isotropic and anisotropic cases for some values of the phonon wave vector
q can be considerable.

In all considered examples of acoustic phonon engineering through the tuning of the
barrier material parameters and thickness, we used the free-surface boundary conditions
at the outer surface of the barrier shell. Qualitatively, the effects will be similar when the
clamped-surface boundary conditions are used at the outer surface of the barrier shell. But,
in the case of the clamped boundaries, confined phonon modes of all polarizations do not
have a true bulk-type mode, i.e.,�ωs=0(q = 0) �= 0. The effect of the clamped boundaries
on phonon dispersion has been examined in details for thin films [2].

The choice of the free-surface boundary conditions for the external surface of the barrier
shell is realistic due to the development of the Au nanoparticle — assisted metallorganic
vapor phase epitaxy (MOVPE) growth of vertical nanowire arrays [20]. The parameters of
the plastic used in our calculations roughly correspond to poly(N-vinyl-carbazole), which
is used in light emitting technology [21]. The revealed modification of the acoustic phonon
spectrum and group velocity in coated nanowires may affect the lattice (acoustic phonon)
thermal conductivity through changes in the phonon density of states and the phonon
scattering rates. For example, the acoustic phonon scattering rate on nanowire boundaries
is given as 1/τB ∼ 〈VG〉/D, where〈VG〉 is the average phonon group velocity andD is
the characteristic diameter of a nanowire.
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Fig. 10. Distribution of the displacement vector magnitudeus=1 =
√

u2
r + u3

ϕ + u2
z for the torsional circular

phonon mode of them = 2 order withs = 1 in (a) the GaN nanowire with the “acoustically soft” barrier layer
(R1(GaN) = 6 nm,R = 8 nm); and (b) the GaN nanowire without the barrier layer (R = 6 nm).

Fig. 11. Phonon group velocity as a function of the phonon wave vectorq for breathing modess = 0 ands = 15
in the GaN nanowire with the AlN barrier layer (R1(GaN) = 6 nm, R = 10 nm). Solid lines correspond to the
anisotropic case while the dotted lines correspond to the isotropic continuum approximation.
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4. Conclusions

We have theoretically shown that the acoustic phonon properties in semiconductor
nanowires can be engineered via proper selection of the acoustically mismatched barrier
(coating) parameters. The barrier layers made of the materials with the small sound velocity
lead to compression of the phonon energy spectrum and strong reduction of the phonon
group velocities. The barrier layers made of the materials with the high sound velocity
have an opposite effect. Our calculations show that the phonon depletion effect in the
“acoustically hard” nanowire core embedded into an “acoustically soft and slow” barrier
shell is much stronger in the cylindrical nanowire than in planar heterostructures. We argue
that tuning of the coated nanowire material parameters and the coating thickness can be
used for engineering the thermal and electrical properties of such nanostructures.
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